In this paper we continue our consideration of closed-packed dimers on the kagome lattice. Using the Pfaffian approach we evaluate the correlation between dimers on two lattice edges. It is found that the correlation is extremely short-ranged in the case of symmetric dimers weights. Explicit expressions for the nonvanishing correlations are obtained for two dimers in the interior of a large lattice. We also describe a Grassmannian functional integral approach, and use it to evaluate the dimer generating function and correlation functions.
Introduction
In the preceding paper [1] , hereafter referred to as I, we presented exact results on the generating function for closed-packed dimers on a finite kagome lattice with asymmetric dimer weights. To further illustrate the usefulness of the Pfaffian method used in I, in this paper we extend the consideration to dimer-dimer correlations. For symmetric dimer weights we find that the correlation is extremely short-ranged, a property unique to the kagome lattice and previously reported by us in Ref. [2] . Here we derive explicit expressions of nonvanishing correlation functions for a large lattice. We also describe the formulation of a Grassmannian function integral approach, and use it to evaluate the dimer generating function and correlation functions.
The dimer-dimer correlation function
The dimer-dimer correlation function measures the correlation between dimers on two lattice edges. This correlation is best described by introducing an edge occupation number n i j = 1 if edge i j is occupied by a dimer 0 if edge i j is empty.
Likewise, the edge vacancy number isn i j = 1 − n i j . The correlation function between two dimers covering edge i j in unit cell at r 1 and edge k in unit cell at r 2 is defined by
where · denotes the configuration average. The second line in (2) is useful in computing the correlation function in the Pfaffian approach [3] , since using it we need only to keep track of the dimer generating function with specific edge(s) missing as dictated by n or nn .
Let A be the antisymmetric Kasteleyn matrix derived from a Kasteleyn orientation, and let A denote the antisymmetric matrix derived from A with edge i j, say in computing n i j , missing. Write
where ∆ is the matrix with zero elements everywhere except the i j element is −A i j and the ji element is −A ji . Then
where G ≡ A −1 is the Green's function matrix and I the identity matrix. In (4) we need only to keep those row(s) and column(s) in ∆ and A −1 where elements of ∆ are nonzero. This effectively reduces the dimensions of matrices G and ∆ to at most 4 × 4 in the computation of (2). Explicitly, we have
where I n is the n × n identity matrix,G and∆ are the 4 × 4 matrices
The formulation so far is very general applicable to any finite lattice with symmetric or asymmetric dimer weights and r 1 and r 2 arbitrary. We now specialize to a large lattice with symmetric dimer weights.
In the interior of a large lattice, the correlation depends only on the difference r = r 1 − r 2 = {r x , r y }, so elements of G are given by
For symmetric weights, the 6 × 6 inverse matrix A −1 (θ, φ) in (6) is computed by using Eq. (7) in I, yielding where
zx(e iθ − 1)
and the superscript Ď denotes Hermitian conjugation. Substituting (7) into (6), we find G({r 1x , r 1y }; {r 2x , r 2y }) i j = 0 if |r 1x − r 2x | ≥ 2 or |r 1y − r 2y | ≥ 2, or, explicitly,
Eq. (8) says that the correlation function vanishes identically if the distance between the two lattice edges under consideration is larger than two lattice spacing. This is a consequence of the simple form of the free energy given by Eq. (13) in I. As pointed out in Ref. [2] , the absence of the dimer-dimer correlation beyond a certain distance, also found in the Sutherland-Rokhsar-Kivelson state of a quantum dimer model [4, 5] , is a property unique to the kagome lattice.
We can now compute all nonvanishing correlation functions by substituting (6) and (7) into (2), including correlations between two dimer edges within a unit cell and in two neighboring unit cells. There are 12 edges belonging to a unit cell as numbered in Fig. 1 . Details of the computations, which are straightforward, will not be given. We tabulate the results in Tables 1-3 .
Grassmannian approach
In a series of papers in 1980 [6] Samuel pointed out and explored the relation between the classical close-packed dimer problem and the free Grassmannian lattice field theory. He showed that the dimer generating function can be represented as a fermionic path integral, and that dimer correlation functions are correlators occurring in a free fermion theory. He applied this formalism to dimers on the square lattice. Subsequently, Fendley et al. [7] extended the consideration to the triangular lattice using a slightly modified fermionic action; they also elucidated the field theory aspect of the formalism. Here we follow the formalism of Ref. [7] and apply it to the kagome lattice.
We begin with the Kasteleyn orientation of the lattice shown in Fig. 1 in I. Associate real Grassmannian variables η to lattice sites and consider the functional integral
where A i j is the matrix element of the 6M N × 6M N Kasteleyn matrix A given by Eq. (1) in I and Dη = i dη i . Table 1 Correlation function (2) Table 2 Correlation function (2) It is well known that the integral (9) is the Pfaffian of the matrix A, a fact which can be seen by expanding the exponential and using the result that the integral N is a permutation of 1, . . . , 6M N , and vanishes otherwise. Thus, the path integral (9) is identical to the dimer generating function.
For finite lattices with toroidal boundary conditions PBC considered in Section 2.1 in I, the dimer generating function is again expressed as a linear combination of four integrals corresponding to periodic boundary conditions with, or without, the reversal of boundary edge orientations as discussed in Section 2.1 in I. In each case the exponent in (9) can be block-diagonalized by Fourier transforms of η i .
For reverse edge orientations in both directions, for example, the Fourier transform is
where (n, m) labels the position of unit cells, a = 1, . . . , 6 the sites within a unit cell, and
After carrying out the Fourier transform, the functional integral (9) becomes
where A(α, β) is the 6 × 6 matrix given in Eq. (7) in paper I and D η = p,q,a dη α p ,β q ,a . Further using relations
and
we obtain from (10)
where
Here, we have used anticommutation relations of Grassmannian variables and renamed dummy variables p, q, a, b.
Next we use a well-known formula of Gaussian integrals of Grassmannian variables (see, e.g., (2.8) in the first reference in Ref. [6] ) to write the product of (10) and (12) as
where Dη p,q Dη * p,q = a dη α p ,β q ,a dη α p ,β q ,a . This is identically the expression det |A 4 | given by Eq. (6) in I derived there using the method of Pfaffians.
The Grassmannian formalism is most useful in evaluating dimer-dimer correlation functions. To evaluate the correlation function (2), for example, we note that the dimer generating function can be written as
where n i j is defined in (1) and the summation is over all dimer coverings of the lattice. Thus, we have
where A = (1/2) i, j η i A i j η j , and we have assumed that the Kasteleyn orientation is from i to j and from k to to get the correct sign for the Grassmannian integrals. These are precisely expressions of correlators occurring in a Gaussian theory and can be immediately written down. This gives n i j = w i j A 
where A −1 ≡ G for a large lattice has been given in (6) . It can be verified that (13) gives rise to the same results as tabulated in Tables 1-3 . Correlation functions of three or more dimers can be derived in a similar fashion. The advantage of using the Grassmannian method here is that it does not invoke products of large matrices needed in the Pfaffian approach.
